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● Deep ReLU networks naturally prefer learning low-frequency components of a 
function before high-frequency ones during gradient-based training.
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Overview

● SSMs too exhibit an implicit bias toward capturing low-frequency components 
more effectively than high-frequency ones.

● Initialization of an SSM assigns it an innate frequency bias and conventional 
training does not change this bias.

● Tuning frequency bias:
○ Scale the initialization (tune the inborn frequency bias)
○ Sobolev-norm-based filter (change frequency bias via training)

● We can strengthen, weaken, or even reverse the frequency bias using the 
above methods.

● Improved performance on Long-Range Arena (LRA) benchmark tasks.
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● LTI system:

● Time domain:

● Frequency domain:

● We are interested in the frequency domain.

Introduction
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● Frequency domain math:

Frequency Perspective of SSMs

: Transfer function
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● Spectrum of A is related to the SSM’s capability of processing high-frequency 
signals.

○ Popular initialization schemes (like HiPPO) place the spectrum in low-frequency region in the 
s-plane.

○ If an eigenvalue aj is initialized in low-frequency region, then its gradient is insensitive to the 
loss induced by the high-frequency input content.      More on this later…

Frequency Bias
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Low frequencies are 
approximated much 

better.

S4D

7



Frequency Bias

● What is frequency bias exactly?

: total change of     as when       
s moves from a to b.

V(ab  is larger when [a, b] is near the origin. 8



Frequency Bias

● The poles of G       are at           .
● The more poles we have in a region, the better we can learn those 

frequencies. Why?
● Greater variation means stronger sensitivity to parameter changes (larger 

derivative), which in turn allows the model to better fit and learn signals at 
those frequencies.
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Frequency Bias
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Due to high variation in G in 
the low-frequency region, 
the outputs have different 

pass rates.

Due to low variation in G in 
the high-frequency region, 
the outputs have similar 

pass rates.



Frequency Bias at Initialization
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● Notation:

● In most cases the input u(t) is real-valued. To make sure output is also 
real-valued:

●
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Frequency Bias at Initialization
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● When we initialize the matrix A , we place its poles in the low-frequency 
region, introducing an inborn frequency bias.

● This is what happens with HiPPO initialization.

● If                  (i.e., B grows faster than n),                           . 



Frequency Bias during Training

● During training, an eigenvalue                     is mostly affected by the local 
frequency losses near              . 

● The factor           tells us:

● The loss landscape of the frequency domain contains many local minima, and 
an LTI system can rarely learn the high frequencies with the usual training.
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Frequency Bias during Training

● They train an S4D initialized by HiPPO to learn sCIFAR-10 for 100 epochs, 
and measure the relative change for each parameter.

● The imaginary part is trained very little, as it is easily trapped by a 
low-frequency local minimum.
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A Synthetic Example

● Target function:

● Transfer function (                        ):
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mode1 mode2 noise

unimodal

Region II: once w enters 
the noisy region, it gets 
stuck in local minimum and 
never converges to one of 
the two modes.



Tuning Frequency Bias via Initialization

● We tune by scaling the initializations. We multiply a hyperparameter 𝛼 ≥ 0 to 
Im(         ).

● The larger the 𝛼, the more poles we place in the high-frequency region, and 
the less frequency bias we will get.
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Tuning Frequency Bias via Training

● We tune by changing the training dynamics. 

● With this, we can change the sensitivity of the gradient to high frequency 
losses.

● If 𝛽 < 0, the gradient is less sensitive to high-frequency losses, thus 
enhancing frequency bias.

● If 𝛽 > 0, the gradient is more sensitive to high-frequency losses, thus reducing 
frequency bias.
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Sobolev-norm-based filter



Comparison b/w Tuning Methods

● 𝛼: Hard tuning strategy - marks out the regions in the frequency domain that 
can be learned by an SSM.

● 𝛽: Soft tuning strategy - re-weighs each location in the frequency domain.
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Experiments(Autoencoder)

● As 𝛼 and 𝛽 increase, model learns high frequencies better.
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(LPR/HPR) decreases as 𝛼 and 𝛽 increase. 



Experiments(Long-Range Arena)
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𝛽 is trained.



Experiments(Magnitudes of Waves)
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Experiments(MNIST Video Prediction)
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Speed of RED is 10x faster than BLUE.

HiPPO

Tuned

High frequency Low frequency

unable to predict 5


